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Outline

..1 Background

• target

• model

• methods

..2 determinant QMC (det-QMC)

• formulation

• Example: 2d Hubbard model

..3 Stochastic Series Expansion (SSE-QMC)

• formulation

• Example: 1d extended Hubbard model coupled to lattice

..4 Summary
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strongly-correlated electron systems

basic science:

• quantum many-body systems

• coupled degrees of freedom

- charge, spin, orbital, lattice

• variety: phase transitions
“More is different.”

P. W. Anderson (1967)

• challenging

applied physics:

• High-Tc superconductivity

• magnetism

• ferroelectricity

• multiferroic

• material design / phase control
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High-Tc fever in 1986
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electrons in lattice: Mott insulator
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canonical model: Hubbard model
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numerical methods for strongly-correlated electrons

• Exact Diagonalization (ED)

+ “exact”

– only for small cluster (N ∼40)

• Density Matrix Renormalization Group (DMRG)

+ large system (N ∼1000)

– only for 1D

• Quantum Monte Carlo (QMC)

+ large system (N ∼1000)
+ d > 1

– negative sign problem
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What is QMC ?

QMC = quantum-classical mapping + importance sampling

“quantum-classical mapping”

classical: ⟨A⟩ = 1

Z

∑
n

Ane
−βEn

quantum: ⟨A⟩ = 1

Z

∑
α

⟨α|Âe−βĤ |α⟩

Q: How to integrate out
without diagonalization?

A: map to (d + 1) dim. classical
system

“importance sampling”

⟨A⟩ = 1

Z

∑
{c}

A({c})W ({c})

Z =
∑
{c}

W ({c})

• configuration: {c} ∼ 2N 　　

• general method
for high dimensional integrals
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(roughly) 3 ways for quantum-classical mapping

..1 world-line QMC (WL-QMC)

• path-integral w/ checkerboard decomposition
• electrons: only for 1d
• spins: without frustration

..2 Stochastic Series Expansion (SSE-QMC)

• based on high-temperature series expansion
• similar to WL-QMC

..3 determinant QMC (det-QMC)

• path-integral w/ Hubbard-Stratonovitch transformation
• d >1
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organization

■ determinant QMC

• procedure:

- Suzuki-Trotter decomposion

- Hubbard-Stratonovich transformation → {sil}: auxiliary field

- Integrating out fermions

- MC sampling for {sil}

• example:

- some results for 2d Hubbard model
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Suzuki-Trotter decomposition

Z = Tr e−βH

= Tr e−L∆τ(Ht+HU)

≃ Tr

L∏
l=1

e−∆τHte−∆τHU

(β = L∆τ)

• quantum-to-classical mapping

• d-dim. quantum system =
(d + 1)-dim. classical system

Y. Otsuka (RIKEN/AICS) QMC for strongly correlated electrons AICS Cafe 15 / 38



. . . . . . . . . . .
Background

. . . . . . . . .
det-QMC

. . . . . . . . . . . . . . .
SSE-QMC

.
Summary

discrete Hubbard-Stratonovich transformation

e−∆τU(ni↑− 1
2
)(ni↓− 1

2
) =

1

2
e−∆τU/4

∑
sil=±1

e−λsli (ni↑−ni↓)

{sli}: auxiliary field

⇒ Z = Tr{sli}TrF

L∏
l=1

D↑lD↓l

Tr{sli}: trace over Ising spins (2NL)

TrF : trace over free fermions
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Trace out fermions

TrF

L∏
l=1

D↑lD↓l = detO↑ detO↓

Oσ =


I 0 · · · 0 Bσ1

−Bσ2 I 0 . . . 0
0 −Bσ3 I . . . 0

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
0 . . . . . 0 −BσL I


Bσl = e−Ke−Vσl : N × N matrix

detOσ = detMσ

Mσ = I + BσLBσL−1 · · ·Bσ1

⇒ Z = Tr{sli} detM↑ detM↓
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physical observables: Green’s function

⟨⟨ciσc†jσ⟩⟩ =
1

Z
Tr

(
ciσc

†
jσe

−βH
)

=
Tr{sli}⟨ciσc

†
jσ⟩ detM↑ detM↓

Tr{sli} detM↑ detM↓

⟨ciσc†jσ⟩ =
TrF ciσc

†
jσ

∏L
l=1Dσl

TrF
∏L

l=1Dσl

= (M−1
σ )ij

MC sampling for configuration of Ising spins:

⟨⟨ciσc†jσ⟩⟩ = lim
NMC→∞

1

NMC

∑
MC

⟨ciσc†jσ⟩

with weight W [{sli}] = detM↑ detM↓
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negative sign problem

• In general,
W is not positive definite.

• some exceptions:

- w/ p-h symmetry &
bipartite lattice

• exponentially hard (?)

• Murphy’s Law (?)

⟨⟨A⟩⟩ =

∑
{sli} ⟨A⟩W [{sli}]∑

{sli} W [{sli}]

=

∑
{sli} ⟨A⟩

W [{sli}]
|W [{sli}]| |W [{sli}]|∑

{sli}
W [{sli}]
|W [{sli}]| |W [{sli}]|

=

∑
{sli} ⟨A⟩⟨sgnW [{sli}]⟩ |W [{sli}]|∑

{sli} ⟨sgnW [{sli}]⟩ |W [{sli}]|

=
⟨ ⟨A⟩ ⟨sgnW [{sli}]⟩ ⟩MC

⟨ ⟨sgnW [{sli}]⟩ ⟩MC

⟨sgnW [{sli}]⟩ =
W [{sli}]
|W [{sli}]|
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effect of randomness on Mott insulator
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Hubbard model with staggered flux
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charge fluctuations in k-space
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organization

■ Stochastic Series Expansion

• procedure:

- high-temperature series-expansion

- truncation at fixed L → {SL}: operator string

- graphical representation

- MC sampling for {SL}

• example:

- 1d extended Hubbard model coupled to lattice
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Heisenberg model

H =J
∑
<i,j>

{
∆Sz

i S
z
j +

(
Sx
i S

x
j + Sy

i S
y
j

)}
=J

∑
<i,j>

{
∆Sz

i S
z
j +

1

2

(
S+
i S−

j + S−
i S+

j

)}

base: |α⟩ = |σ1σ2σ3 · · ·σN⟩, σi =↑, ↓

Sz
i | ↑i ⟩ = | ↑i ⟩ Sz

i | ↓i ⟩ = | ↓i ⟩
S+
i | ↑i ⟩ = 0 S+

i | ↓i ⟩ = | ↑i ⟩
S−
i | ↑i ⟩ = | ↓i ⟩ S−

i | ↓i ⟩ = 0
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(1): Write H as a sum of bond operators

H =−
2∑

a=1

M∑
b=1

Ha,b

a : operator type (1=diagonal, 2=off-diagonal)

b : bond index (b connects i(b) and j(b))

H1,b =C −∆Sz
i(b)S

z
j(b), C > ∆/4 : constant

H2,b =
1

2

(
S+
i(b)S

−
j(b) + S−

i(b)S
+
j(b)

)
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(2): high-temperature series-expansion

Z =Tr
{
e−βH

}
=
∑
α

⟨α|e−βH |α⟩

=
∑
α

∞∑
n=0

βn

n!
⟨α|Hn|α⟩

=
∑
α

∞∑
n=0

∑
Sn

βn

n!
⟨α|Hl1Hl2Hl3 · · ·Hln |α⟩

lj : (a, b)

Sn : [l1, l2, · · · , ln] (operator string)
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(3): truncate at n = L

Z ≃
∑
α

L∑
n=0

∑
Sn

βn

n!
⟨α|

∏
lj

Hlj |α⟩

∵ ⟨n⟩ = −β⟨H⟩ (finite lattice)
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(4): insert unit operators

Z =
∑
α

∑
SL

βn(L− n)!

L!
⟨α|

L∏
lj=1

Hlj |α⟩

lj : 0 or (a, b)

H0 = I
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(5): physical observable

⟨A⟩ = 1

Z
Tr

{
Ae−βH

}
=

1

Z
⟨α|Ae−βH |α⟩

=
1

Z

∑
α

∑
SL

βn(L− n)!

L!
⟨α|A

∏
Hlj |α⟩

=
1

Z

∑
α

∑
SL

⟨α|A
∏

Hlj |α⟩
⟨α|

∏
Hlj |α⟩

· β
n(L− n)!

L!
⟨α|

∏
Hlj |α⟩

=

∑
α

∑
SL
A (α, SL)W (α, SL)∑

α

∑
SL
W (α, SL)

importance sampling for configuration (α, SL) ⇒ MC
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graphical representation for verteices

W (α, SL) =
βn(L− n)!

L!
⟨α(L)|HlL |α(L− 1)⟩ · · · ⟨α(2)|Hl2 |α(1)⟩ · ⟨α(1)|Hl1 |α(0)⟩

diagonal operator: H1,b

⟨↑↑ |H1,b| ↑↑⟩ ⟨↓↓ |H1,b| ↓↓⟩ ⟨↑↓ |H1,b| ↑↓⟩ ⟨↓↑ |H1,b| ↓↑⟩

off-diagonal operator: H2,b

⟨↑↓ |H2,b| ↓↑⟩ ⟨↓↑ |H2,b| ↑↓⟩
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graphical representation for operator string

W (α, SL) =
βn(L− n)!

L!
⟨α(L)|HlL |α(L− 1)⟩ · · · ⟨α(2)|Hl2 |α(1)⟩ · ⟨α(1)|Hl1 |α(0)⟩

Ex. 4-site case:

N = 4

L = 5

|α(0)⟩ = |↓↑↑↓⟩
SL = (H1,1,H2,3,H0,0,H2,3,H1,1)

b 1 2 3 4

1

2

3

4

5

lj

⇒ operator string: world-line (doubly linked list)
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Molecular conductor: 1D π-electron system
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Molecular conductor: “colorful” phase diagrams

similar one-electron band structures but variety of properties
→ interactions are important !
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Molecular conductor: “colorful” phase diagrams

• “soft” → electron-lattice coupling, pressure

• low dimensinality → quantum/thermal flustuations

• clean & material design → “model” material
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Molecular conductor: new phase diagram
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Molecular conductor: finite-T phase diagram
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Molecular conductor: comparison with experiments
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Summary

..1 determinant QMC

• procedure:

- Trotter decomposion.
- Hubbard-Stratonovich transformation → {sil}: auxiliary field
- Integrating out fermions
- MC sampling for {sil}

• example: 2d Hubbard model

..2 Stochastic Series Expansion

• procedure:

- high-temperature series-expansion
- truncation at fixed L → {SL}: operator string
- graphical representation
- MC sampling for {SL}

• example: 1d extended Hubbard model coupled to lattice
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