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strongly-correlated electron systems

basic science: applied physics:
e quantum many-body systems e High-Tc superconductivity
e coupled degrees of freedom e magnetism

- charge, spin, orbital, lattice

o ferroelectricity
e variety: phase transitions
“More is different.” ) )
P. W. Anderson (1967) * multiferroic

o challenging e material design / phase control
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High-Tc fever in 1986
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electrons in lattice: tight-binding model

e electron:

“Cu02 plane”

Y. Otsuka (RIKEN/AICS)

QMC for strongly correlated electrons

/ “site”:
outermost orbital / HOMO

* charge (-e) & spin (1 or {)
* Pauli exclusion principle

filling:
n=Ne/N =2

Ne: # of electrons
N : # of sites

AICS Cafe
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electrons in lattice: band insulator

n=Ne/N=2

Insulating state

% due to periodic potential
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electrons in lattice: Mott insulator

n=Ne/N=1

Insulating state
due to Coulomb interactions
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canonical model: Hubbard model

H = Ht + HI,T

o= <iJ>  ~ Kinetic energy

:—fZZ(cm Gjs e (m) /ﬁ/t\v U

Hu= U Z o

~ Coulomb repulsion

| 2
* “quantum”
HiHu # HuHs parameters:

“many-body” U/t, n, T/t
Nty 7# Nip(Niy)
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numerical methods for strongly-correlated electrons

e Exact Diagonalization (ED)

+ ‘“exact”
— only for small cluster (N ~40)

e Density Matrix Renormalization Group (DMRG)

+ large system (N ~1000)
— only for 1D

e Quantum Monte Carlo (QMC)

+ large system (N ~1000)
+ d>1
— negative sign problem
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What is QMC ?

QMC = quantum-classical mapping + importance sampling

“quantum-classical mapping” “importance sampling”
L 1 _BE, 1
classical:  (A) = - zn:Ane (A) =3 ;A({c})W({c})
. _1 Ao BH _
quantum:  (A) = — > (alAe™|a) Z= {Z}: W({c})
Q: How to integrate out e configuration: {c} ~2¥ 00

without diagonalization?
® general method

A: map to (d + 1) dim. classical for high dimensional integrals
system
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(roughly) 3 ways for quantum-classical mapping

@ world-line QMC (WL-QMC)

e path-integral w/ checkerboard decomposition
e electrons: only for 1d
e spins: without frustration

@ Stochastic Series Expansion (SSE-QMC)

e based on high-temperature series expansion
e similar to WL-QMC

© determinant QMC (det-QMC)

e path-integral w/ Hubbard-Stratonovitch transformation
o d>1
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organization

B determinant QMC

e procedure:

- Suzuki-Trotter decomposion

- Hubbard-Stratonovich transformation — {s;}: auxiliary field
- Integrating out fermions

- MC sampling for {sy}

e example:

- some results for 2d Hubbard model
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det-QMC
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Suzuki-Trotter decomposition

Z Tr e B e quantum-to-classical mapping
= re

Tr efLAT(Ht+Hu)

L e d-dim. quantum system =
~ TrH - ATH: g~ ATHY (d + 1)-dim. classical system
I=1
I e
(B = LAT)
(d+1) KT
)
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det-QMC
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discrete Hubbard-Stratonovich transformation

efATU(n,-Tf%)(n;J,f%) — le*ATU/"' E : e*)\slf(”iq‘*”u,)
2
S,'/:il

{sii}: auxiliary field

L
= Z = TrggyTrr H DDy
=1
Tr{sh.}: trace over Ising spins (2NL) imaginary time
LIttititit
Trg: trace over free fermions I * 1T\ 1 1 1 * 1 I
Tt
ittt e
N
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det-QMC
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Trace out fermions

L
Tre H DT/DU = det OT det Oi
1=1
/ 0 e 0 B;1
— D02 / 0 0
O, = 0 —B,3 | 0
o ..... 0 —-B, I

detO, = detM,
Ma = [+ BO'LBO'Lfl T Bal

= Z= Tr{s,,-} det My det M

Y. Otsuka (RIKEN/AICS) QMC for strongly correlated electrons AICS Cafe 17 / 38



det-QMC
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physical observables: Green's function

1
((cioch)) = Tr (c,-(,c.T e ™)

TI"{SII}<C,0 )det M, det M
TI‘{S/,.} det MT det M\L

Tch,ac 11 Do

CivC: ) = = (M1,
< 10%jo TI“F H/:1 » ( o )U
MC sampling for configuration of Ising spins:
f - 1 f
(Gioch)) = lim =" (cioch)

NMC —00 NMC MC

with weight W[{s;}] = det M} det M
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det-QMC
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negative sign problem

| IV\n/giin:cZil;aositive definite. {A) = 2o B
not sy Wisi}]
e some exceptions: = (o) <A?/v%§§iﬂl L
- w/ p-h symmetry & i) AR it
bipartite lattice = 2 sy A senWiisitl) Wlisi]

> (s (senW[{si}]) [W[{si}]|
( (A) (sgnW[{s;i}]) )mc
( (senW[{si}]) )mc

_ Wi{sijl
[W[{si}]|

exponentially hard (?) =

Murphy's Law (?) (sgnW([{s;i}])
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det-QMC
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effect of randomness on Mott insulator

Anderson-Hubbard model

= Mott insulator: gapful, AF
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- collapse of charge gap

YO, Y. Morita, Y. Hatsugai, PRB, 1998; J. Phys. Cond. Matt, 2000.
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det-QMC
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Hubbard model with staggered flux

Staggered Flux

H— Z ((.jnfﬂl_(‘,m + (‘-{_ﬁfj/l-(:/rr) + UZ N @Y1 ® )|

<jk>0 i P |
, ~ x
tip=t et = ¢= g Oir==xm il e
plaquette @V X L@
‘ ‘ N=‘10x10
Ut=4 “gauge field”

Affleck & Marston, PRB 1988.

5 | Q= |
7:\"
U= M o 2 S PN 4
0 L L L L L ) ;
Y Température 2 massless Dirac fermion
suppression of AF due to flux grapiene

YO, Y. Hatsugai, Phys. Rev. B (2002).
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det-QMC
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charge fluctuations in k-space

(k) :dn,(k:)

dp =0

U/t=0

B
|

-7 : T T
k, a

N=16x16, ~ 100 MCS/1hour YO, Y. Morita, Y. Hatsugai, Phys. Rev. B (2002).
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SSE-QMC
©00000000

organization

B Stochastic Series Expansion

e procedure:

- high-temperature series-expansion

- truncation at fixed L — {S;}: operator string
- graphical representation

- MC sampling for {S;}

e example:

- 1d extended Hubbard model coupled to lattice
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SSE-QMC
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Heisenberg model

H=JY" {As,.zsjz n (s,xij i siyij)}

<i,j>

=3 {asi5 3 (575 +75)}

<ij>

base: |a) = |o10203---on), o =T,1

SE ) = 113) SE L) =4
St =0 ST =11)
STt =14 STy =0
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SSE-QMC
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(1): Write H as a sum of bond operators

2 M
H==>_> Has

a=1 b=1
a : operator type (1=diagonal, 2=off-diagonal)
b : bond index (b connects i(b) and j(b))

Hip=C— ASib)sz(b), C > A/4 : constant

1

1
_ + 6= — .St
Fas =5 (SinSin + St i)
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SSE-QMC
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(2): high-temperature series-expansion

Z :Tr{e*ﬁH}
= {ale™|a)

=33 Tl

a n=0
& g
> >3 —y (alHy HHy, - - Hi o)
a n=0 S,
j: (ab)
Sp: Jhyhb,--- 1] (operator string)
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SSE-QMC
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(3): truncate at n=L

iL n
2= 3% Sl [[ o)
« S ’ lj

/\
S)
=
Il

—B(H) (finite lattice)
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SSE-QMC
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(4): insert unit operators

"L — n)! L
zzzzw@ I Hile)
i =

a S

li: 0 or (ab)
Ho = |
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SSE-QMC
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(5): physical observable

(A)

:%Tr {Ae_BH}

:%<a|Ae*B”|a>

Zzzﬁ (ol AT Hyla)

OélAHH/‘Oé) "L — n)!

Y. T (a,sL) W(a,sL)

Z() ZSL w (av SL)

importance sampling for configuration (a, S;) = MC
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SSE-QMC
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graphical representation for verteices

(L—n)!

W (o, 51) =2 o (DIH (L = 1)) - ((2)[Hy a(1)) - (a(1)[Hy |(0))

diagonal operator: Hy p

(1 [Hy,p| 1) (W [Hopl 4 (M [Hop| T4 (1 [Hy,p| 41)
t t | | } t t }
t t | | | t t {

off-diagonal operator: H; p,

(14 |Hz 6l 1) (41 [Ha,ol 14)
{ t t '
t \ \ t
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SSE-QMC
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graphical representation for operator string

B"(L — n)!

W(a,S) = I

(a(D)|Hy [l = 1)) - (a(2)[Hp [a(1)) - (a(1)[H1 |a(0))

Ex. 4-site case:

N=4 5
L=5 4
|(0)) = 411 3
Si = (Hi,1, H2,3, Ho0, Ho 3, H1 1) 2
1

b 1 2 8 4

= operator string: world-line (doubly linked list)
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Molecular conduc

SSE-QMC

“colorful” phase diagrams

Oe0000
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H. Mori

similar one-electron band structures but variety of properties
— interactions are important !
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SSE-QMC
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Molecular conductor: “colorful” phase diagrams

e “soft” — electron-lattice coupling, pressure
e low dimensinality — quantum/thermal flustuations

e clean & material design — “model” material

o=@ —@——@——@- O OO OO OO~
charge order (CO): U, V dimer-Mott (DM): U, t4

- H. Seo, H. Fukuyama, JPSJ 1997.

- M.Kuwabara, H.Seo, M. Ogata, JPSJ 2003.

SP: spin-Peierls
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SSE-QMC

Molecular conductor: new phase diagram

“new” phase diagram

120 = 15
(TMTTF),ASF,, B=9 T
- g - : ;SF QB o) @ : F 7]
E % co 14 1.0 DM | "l
S g 10 1 T | o0~ § 9
8 s DM+CO
= .
E %0 02 0z 06 08 10 | 05 S ¥ /OO
= pressure ( GPa) v £ i
. 1 ] A i
" CO&SP | SP
L ! . . N . 0.0 . .
0.0 0.1 02 03 04 05 06 .
0.0 05 Zy 10 15
pressure ( GPa) L
Zamborszky et al., PRB 2002. H. Seo et al., JPSJ 2007.
H =Hexttub + He + HiL » V-filled extended Hubbard model

Foarn = =Y t; (c;ﬂc,rﬂﬂ 4 h,c.) +>  Unigniy + Y Vmniy  electron-lattice coupling
io i i

Aoy =— Z; tiu; (c,-t,c,ﬂ,r + h.c.) + % Z w?+ % Z,: aff

Hy=v.> nlnf
)
Otsuka (RIKEN

* inter-chain interaction
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SSE-QMC
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. finite- T phase diagram

Molecular conductor

(c): 64 =0.02, Kp, =0

(a): 64 =0, Kp, =0 (b): 04 =0, Kp, =0.75
0.8 . 0.8F . 0.8 1
uniform uniform
f /
— % — — %g
0.4} ! 0.4} 04F ) -
; intrinsic DM (iDM) %(%%M)
DM | co ) |
qi co |
L i L | o
%l fﬁw | cossp
% (+IDM)
- 7 an > - R 3 Aanan .J
0 DM+‘-SP ; ICO+SP ] 0 DM+ISP : QO+SP ] 0 SP(TiDM) Al ]
'%,0 0.5 1.0 125 '%.O 0.5 1.0 s '8.0 0.5 1.0 1.5
zVi zVi zVi
COv.s.DM CO+DM cf. TMTTF-salt
- ferroelectoricity

YO, H.Seo, T. Kato, Y. Motome (JPSJ 2008, Physica B 2008).
AICS Cafe 36 / 38
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Molecular conductor: comparison with experiments

0.4r
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\' Q2 {92800 ™
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»O €0 SO ro 0.0
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ﬁ(nﬁM) 80 2.0
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0.8.

0 0.5

zV.
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YO, H.Seo, T. Kato, Y. Motome (JPSJ 2008, Physica B 2008).
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Summary
°

Summary

® determinant QMC
e procedure:

- Trotter decomposion.

- Hubbard-Stratonovich transformation — {s;}: auxiliary field
- Integrating out fermions

- MC sampling for {s;}

e example: 2d Hubbard model
@® Stochastic Series Expansion

e procedure:

- high-temperature series-expansion

- truncation at fixed L — {S;}: operator string
- graphical representation

- MC sampling for {5, }

e example: 1d extended Hubbard model coupled to lattice
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